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SYMPLECTIC VORTEX EQUATIONS FOR KA¨HLER CONES OVER
SASAKIAN MANIFOLDS
VARUN THAKRE
Abstract. We obtain a Hitchin-Kobayashi-type correspondence for symplectic vortex equa-
tions, with the target a Ka¨hler cone over a compact Sasakian manifold. We show that the
correspondence reduces to studying the existence and uniqueness of Kazdan-Warner equa-
tions. Using this, we construct a map between the moduli space of solutions to the symplectic
vortex equations and effective divisors.
1. Introduction
In this article we study a gauged, non-linear σ-model, wherein a principal G-bundle over
a closed Ka¨hler manifold (X,ωX) is mapped to a Ka¨hler manifold (M,ωM), also called the
target manifold. The said equations nothing but the symplectic vortex equations, which
are an analogue of vortex equations, for maps taking values in M . They were discovered
independently by K. Cieliebak, A. Gaio and D. Salamon [1] and by I. Mundet i Riera [2]. The
latter obtained a general form of a Hitchin-Kobayashi-type correspondence for the equations
over any compact Ka¨hler manifold. The correspondence relates the space of solutions the
Ka¨hler vortex equations upto complex and real gauge transformations. This coincides with
the usual notion of “stability” that arises in the construction of the algebraic moduli spaces,
using Geometric Invariant Theory (GIT).
The correspondence, in general, is not easy to evaluate, even in the Abelian set-up. How-
ever, when M is a Ka¨hler cone over a compact Sasakian manifold, we show that the stability
criterion can be reduced to existence and uniqueness of solutions to Kazdan-Warner equa-
tions. The latter is a well-known, second order PDE, that originally appeared in the problem
of finding Riemannian metrics with prescribed scalar curvature in two dimensions [3]. We
show that the stability criterion coincides with that of the usual vortex equations. This
enables us to construct a map from the moduli space of solutions to the space of effective
divisors on X .
A twisted version the equations was recently studied by the author and I. Biswas [4] in four
dimensions, when the target M is a hyperKa¨hler cone over a compact 3-Sasakian manifold.
The authors constructed a map from the moduli space of solutions to the equations, to the
Date: November 6, 2018.
2010 Mathematics Subject Classification. Primary 53C25, 53C07; Secondary 35Q40.
Key words and phrases. Spinor, Kahler vortices, Sasakian manifolds, Kahler cones, Hitchin-Kobayashi
correspondence.
1
2 V. THAKRE
space of effective divisors. A natural question to ask is how general is the correspondence
between the solutions to gauged, non-linear σ-models and effective divisors? The question
motivates our study of Ka¨hler vortex equations in the this article.
2. Sasakian Geometry
We begin by giving a brief introduction to Sasakian geometry. The results stated in
this section are mostly elementary in nature. A more detailed discussion can be found, for
instance, in [5] and [6].
Sasakian geometry is best described as an odd dimensional analogue of Ka¨hler geometry.
It lies at the interface of CR, contact and Riemannian geometry. Perhaps the most straight
forward definition of a Sasakian manifold, due to C. Boyer [5], is as follows
Definition 1. Let (S, gS) be a 2n+1-dimensional Riemannian manifold. Consider the metric
cone over S, with the warped metric
C(S) := R+ × S, gC(S) := dr
2 + r2 gS
where r is the radial co-ordinate. A vector field ξ ∈ Γ(TS) is called a Sasakian structure on
S if the metric cone C(S), with the warped metric, is a Ka¨hler manifold.
The vector field ξ is also called the Reeb vector field (or the characteristic vector field).
The simplest example of a Sasakian manifold is the odd-dimensional sphere S2n−1 ⊂ Cn,
with a flat-metric induced from Cn. The Reeb vector field at a point p ∈ S2n−1 is given by
ξ|p = −ip. This is called the standard Sasakian structure on the odd-dimensional sphere. It
is possible to construct more general Sasakian structures by twisting the standard one.
Let η denote the metric-dual 1-form of the Reeb vector field. Then the Ka¨hler 2-form over
the cone (with obvious identifications) can be written as
ωC(S) = dr
2 ∧ η + r2dη. (2.1)
Suppose that a compact Lie group G acts on S isometrically, preserving the contact structure
ξ and therefore also the contact 1-form η. Let g be the Lie algebra of G and denote by KSβ
the fundamental vector field due the element β ∈ g. The Sasakian moment map for the
G-action on S is defined to be the G-equivariant map [7]
γ : S −→ g∗, 〈γ(s), β〉 = η
(
KSβ
∣∣
s
) where KSβ |s =
d
dt
(exp(tβ) · s) |t=0.
It is clear that the Sasakian action of G on S lifts to a Hamiltonian action on the cone,
preserving ωC(S). The action also commutes with the homothetic action of R
+ on C(S). There
is a canonical, globally defined Ka¨hler potential on C(S), which is given by ρ0(r, s) =
1
2
r2
(see [6]). Moreover, the Euler vector field X0 := r∂r = grad ρ0 preserves the 1-form η. It
follows from (2.1) that the moment map for the G-action on the cone can be written as
µ : C(S) −→ g∗, 〈µ(r, s), β〉 = ρ0(r, s) 〈γ(s), β〉 .
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Given the relation between the Sasakian and the Ka¨hler geometry via the cone construction,
it is natural to ask if there exists a reduction scheme for Sasakian manifolds, that lifts to
the Ka¨hler reduction on the cone. This was studied by G. Grantcharov and L. Ornea [7] for
the case when zero is a regular value of the Sasakian moment map and by O. Draˇgulete and
L. Ornea [8] for the non-zero value. Since the map µ is homogeneous with respect to the
homothetic R-action, the Marsden-Weinstein quotient of C(S) is once again a Ka¨hler cone
over a compact Sasakian manifold. The latter corresponds to the Sasakian reduction of S
with respect to the G-action [7], [8].
3. Symplectic vortices
In this section, we briefly introduce the symplectic vortex equations, which are the main
focus of our study. We refer to [1] and [2] for a more detailed discussion on the same.
Let (X,ωX) be a Ka¨hler manifold and (M,ωM) be a symplectic manifold, equipped with
a Hamiltonian action of a Lie group G. Let µ be the associated moment map
µ : M −→ g∗ ∼= g.
Let P → X be a principal G-bundle over X . We emphasize that the complex structure on
X is fixed. Denote by Map(P,M)G the space of smooth G-equivariant maps from P to M
and by A(P ) the space of connections on P . Define the configuration space
C := Map (P,M)G ×A(P ). (3.1)
There is a (right) action of the infinite-dimensional gauge group G := Map (P,G)G on C.
An equivariant map u and a connection A, together determine a G-equivariant map KMA (u) :
TP → TM as follows. For any v ∈ TpP , take
KMA (v)(u) := K
M
A(v)(u(p)) ∈ Tu(p)M.
Note that A(v) ∈ g. The differential of u is also G-equivariant map. We define the covariant
derivative of u with respect to a connection A to be the one-form DAu ∈ Ω
1(P, u∗TM)G
DAu = du+K
M
A (u) .
This is an equivariant, horizontal one-form on P . Indeed, for any β ∈ g
DAu
(
KPβ
)
= du
(
KPβ
)
+ KM
A(KPβ )
(u) = −KMβ (u) + K
M
β (u) = 0.
It therefore descends to a one-form on X with values in the pull-back bundle (u∗TM)/G
over X . Denote by ∂Au, the (0, 1)-part of this 1-form, meaning
∂Au =
1
2
(
DAu + I ◦DAu ◦ I˜X
)
,
where I˜X is the lift of the complex structure IX to the horizontal subspace HA ⊂ TP and I
is the almost-complex structure on M , compatible with ωM .
4 V. THAKRE
For a pair (u,A) ∈ C, the symplectic vortex equations are a system of equations, satisfying

∂Au = 0
ΛωXFA − µ ◦ u + τ = 0
F 0,2A = 0
(3.2)
where FA is the curvature of A and τ ∈ Z(g) is an element in the center of the Lie algebra.
The equations are invariant under the action of the infinite-dimensional gauge group.
4. A Hitchin-Kobayashi correspondence
In this section, we establish a Hitchin-Kobayashi type correspondence for the case when
G = U(1) and M is a Ka¨hler cone over a compact Sasakian manifold (S, gS). Assume that
there is an isometric action of U(1) on S, preserving the Sasakian structure. Then the action
lifts to a Hamiltonian action on M = C(S), commuting with the homothetic R+ action. For
the rest of the article, we fix a principal U(1)-bundle P → X .
The equations (3.2) can be viewed as Kempf-Ness theory in infinite dimensions as follows.
To begin with, in what follows, we implicitly assume the completion of the configuration
space and the gauge group in the appropriate Sobolev (k, p)-norm, with k − 2n
p
> 0, where
n is the complex dimension of X . For details on Sobolev completion of maps between
manifolds, we refer to Subsection 4.1, Appendix B of [9].
The configuration space carries a natural Ka¨hler structure, induced by the complex struc-
tures IX on X and I on M (see [2], Sec. 2.3) and the L
2-metric. The (right) action of the
gauge group preserves the Ka¨hler structure. The second equation of (3.2) can be interpreted
as a moment map for the holomorphic action of G on the configuration space C. Moreover,
the action extends naturally to an action of its complexification GC = Map (X, C∗), with
respect to the induced complex structure. Consider the complex sub-variety
C1,1 := Map(P,M)U(1) ×A1,1(P )
where A1,1(P ) ⊂ A(P ) is the subspace of all connections A such that F 0,2A = 0. Then
the action of GC descends to an action on C1,1. The question of stability, which is the
essense of Hitchin-Kobayashi correspondence, narrows down to asking when does a GC-orbit
in C1,1 intersect the zero of the infinite-dimensional moment map. Notice that the first and
third equations of (3.2) are anyway invariant under GC. This is a common paradigm in gauge
theory, pioneered by M. Atiyah and R. Bott [10]. Since its inception, the technique has found
applications in various other contexts, most notably by Donaldson [11], [12] and by Uhlenbeck
and Yau [13] to relate stable vector bundles over complex manifolds with Hermitian-Einstein
vector bundles and in the study of various other gauge theoretic equations [14], [15], [16].
Define H1,1 ⊂ C1,1 to be the subset given by
H1,1 := {(u,A) ∈ C1,1 | ∂Au = 0.}
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Let Φ : C −→ Map(X, iR) denote the moment map for the holomorphic action of the gauge
group, given by
Φ(u,A) = ΛωXFA − iµ ◦ u + iτ, where τ ∈ R.
The moduli space of solutions to (3.2) is a Ka¨hler sub-manifold of Φ−1(0)/G, given by
MSV (gX ,M) :=
(
H1,1 ∩ Φ−1(0)
)
/G.
Denote by F0 ⊂ M the fixed-point set of the U(1)-action on M and consider the dense
open set
Hss := {(u,A) ∈ H1,1 | u(P ) 6⊂ F0}.
Theorem 4.1 (Hitchin-Kobayashi correspondence). Let (u,A) ∈ H1,1 and assume that
τ > 2pi
Vol(X)
degωX P . Then the moduli space M
SV (gX) is non-empty and has a holomorphic
description
MSV (gX) ∼= H
ss/GC.
Proof. To begin with, note that the first and the third equation of (3.2) are invariant under
GC. Consequently, the action of GC on C descends to an action on Hss. So in order to prove
the statement, we need to establish the existence of a complex gauge transformation g ∈ GC
such that Φ(g · u, g · A) = 0.
Consider an element ef ∈ GC, where f : X → C. If f is purely imaginary, then ef ∈ G.
Since the equations (3.2) are gauge-invariant, we consider the case when f is real. Now GC
acts on Hss as
ef · (u,A) 7−→
(
efu,A+ ∂f − ∂f
)
.
We have Fef ·A = FA + ∂∂f − ∂∂f . To understand the action on u, recall that since M
is a cone over a Sasakian, it has a natural homothetic action of R+. Since the U(1)-action
comutes with the homothetic R+-action, we also have µ(efu) = e2fµ ◦ u. Therefore,
Φ(efu, ef · A) = ΛωX(∂∂ − ∂∂)f − ie
2fµ ◦ u + ΛωXFA + iτ.
To find a complex gauge transformation that preserves the zero-level set of Φ, we need to
solve
ΛωX (∂∂ − ∂∂)f − ie
2fµ ◦ u + ΛωXFA + iτ = 0.
Using the fact that ΛωX∂∂f = −
i
2
∆Xf and ΛωX∂∂f =
i
2
∆Xf , where ∆X is the positive-
definite Laplacian on X , we can re-write the above equation as
∆Xf + e
2fµ ◦ u = (τ − iΛωXFA) := w.
Observe that µ ◦ u : P → R is a U(1)-invariant map and therefore descends to a real-valued
function over X . Let us denote this function by B. We therefore have
∆Xf + e
2fB(x) = w. (4.1)
We now recall the following result of Kazdan and Warner [3]
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Lemma 4.2. Let X be a compact Riemannian manifold and let B and w be smooth functions
on X. Suppose that B is positive outside of a measure zero set and
∫
X
w > 0. Let ∆X be
the positive definite Laplacian on X. Then the equation
∆Xf + B(x)e
2f − w = 0
has a unique solution.
It follows that equation (4.1) has a unique solution, provided
τ >
1
Vol(X)
∫
X
iΛωXFA =
2pi
Vol(X)
degωX P.

WARNING: The Laplacian used by Kazdan and Warner is the negative-definite, which
differs from the one we defined here by a minus sign.
A technical requirement in Lemma 4.2 is that B be a positive function, outside of a
set of measure zero. Apriori, there is no reason to expect this to happen. However, in the
following section, we will show that this is always the case, as long as τ satisfies the condition
of Theorem 4.1.
5. From Symplectic vortices to usual vortices and back
Let L → X be a complex line bundle over X associated to the bundle P . As a matter
of consistency, we prefer to think of sections of the line bundle as U(1)-equivariant maps
from P → C. Let A be a connection on P such that F 0,2A = 0. Then A endows L with a
holomorphic structure, thus making it a holomorphic line bundle. For an equivariant map
φ : P → C and connection A, the τ -vortex equations on X are defined as

∂Aφ = 0
ΛωXFA −
i
2
|φ|2 + iτ = 0
F 0,2A = 0
(5.1)
The following existence theorem for the τ -vortices was proved by S. Bradlow [17].
Theorem 5.1. There exists a solution to the τ -vortex equations (5.1) if and only if τ >
2pi
Vol(X)
degωX P .
Notice that the conditions for existence of solutions for both the equations (3.2) and (5.1)
coincide. We are going to exploit observation to construct a map from the moduli space of
symplectic vortices to the moduli space of τ -vortices. In the latter case, the gauge equivalent
classes of solutions are in one-to-one correspondence with the set of effective divisors on X .
This gives us a (surjective) map between the moduli space of symplectic vortices and effective
divisors. We show that the effective divisors are given by the zero set of the function B,
defined in Theorem 4.1.
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Theorem 5.2. Let τ > 2pi
Vol(X)
degωX P and suppose that (u,A) is a solution to (3.2). Then,
there exists a unique solution (φ,A) to (5.1) such that µ ◦ u = 1
2
|φ|2.
Conversely, suppose that (φ,A) is a solution to (5.1). Then, there exists a solution (u,A)
of (3.2) such that µ ◦ u = 1
2
|φ|2.
We fix the following notation. By u be denote the equivariant map P → M and by φ we
denote the equivariant map P → C.
Proof. Since (u,A) is a solution to (3.2), ΛωXFA − µ ◦ u + τ = 0. Also, as τ satisfies the
condition τ > 2pi
Vol(X)
degωX P , by Theorem 5.1, there exists a φ such that
ΛωXFA −
i
2
|φ|2 + iτ = 0.
It is easily seen that such a φ is unique upto the action of the gauge group G. To show that
this φ is solution to (5.1), we need to show that it is holomorphic. To effect this calculation,
observe first that µ ◦ u = 1
2
|φ|2. Therefore
d (µ ◦ u) = dµ(DAu) = d
(
1
2
|φ|2
)
=
1
2
〈φ,DAφ〉R , (5.2)
where 〈·, ·〉 denotes the Hermitian inner product on C and the subscript R denotes the real
part of the product. Equating the (0, 1)-parts on both the sides we get
1
2
〈
φ, ∂Aφ
〉
R
= dµ(∂Au) = 0. (5.3)
So, the (0, 2)-form ∂
〈
φ, ∂Aφ
〉
R
=
〈
∂Aφ ∧ ∂Aφ
〉
R
= 0, which implies
∣∣∂Aφ∣∣2 = 0. Thus φ is
holomorphic.
To show that the converse statement holds, assume that (φ,A) is a solution to (5.1). Since
τ satisfies the condition τ > 2pi
Vol(X)
degωX P , by Theorem 4.1, there must exist an equivariant
map u : P →M such that
ΛωXFA − µ ◦ u + τ = 0.
By a similar argument as above, we have that µ ◦ u = 1
2
|φ|2. In order to show that (u,A)
is a solution to (3.2), once again, we must show that ∂Au = 0. Repeating the arguments in
computations (5.2) and (5.3), we get dµ (∂Au) = 0. If ∂Au is not identically zero, then this
implies that ∂Au(p) ∈ ker dµ (u(p)) ⊂ Tu(p)M for every p ∈ TpP . This in turn implies that
µ ◦ u must be identically zero, which is a contradiction, since φ 6= 0. Hence, ∂Au = 0 and
(u,A) is a solution to (3.2).

6. Map between the moduli spaces
The above theorem gives an explicit description of the maps between the modui space of
symplectic vortices and the moduli space of the usual vortices. Namely, let MV (gX) denote
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the moduli space of the latter. Then, we have the following map
Π :MSV (gX,M) −→M
V (gX), [(u,A)] 7−→ [(φ,A)], where µ ◦ u =
|φ|2
2
. (6.1)
Since elements ofMV (gX) are in one-to-one correspondence with the set of effective divisors
on X , Π maps the the gauge equivalent class of solutions to (3.2) to effective divisors. Since
µ ◦ u = |φ|
2
2
, we see also that the effective divisors are just the zeroes of µ ◦ u.
7. Some Remarks
• A four dimensional, Riemannian version of the correspondence (6.1) was studied
in [18], where the author studied a generalisation of the Seiberg-Witten equations,
obtained by replacing the spinor representation with a hyperKa¨hler manifolds with
certain symmetries. This generalisation was introduced by C. Taubes [19] in three
dimensions and it was extended to four dimensions by V. Pidstrygach [20]. It was
shown that for hyperKa¨hler cones over 3-Sasakians, the generalised equations can
be expressed purely in terms of a second order PDE for the hyperKa¨hler moment
map. However, Donaldson [21] had shown that the solutions to the said PDE are in
one-to-one correspondence with the solutions to the usual Seiberg-Witten equations.
This gives us the map (6.1) between the corresponding moduli spaces.
• An open question is what is the structure of fibre of the map Π?
• Another interesting open question is whether the results in this article, in a suitable
sense, can be extended to a non-Abelian setting.
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